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3. A projectile with mass m is fired from the surface of the Earth at an angle of a to the vertical. Its
initial speed is vg = /GM./HR.. How high does the projectile rise? Neglect air resistance and the
rotation of the Earth.

Because this object is launched at an angle from the Earth’s surface, it can be treated as moving in a non-
circular orbit that happens to intersect the Earth. In a system consisting of the object and the Earth, there are
no external forces to do work or exert torques, so both energy and angular momentum are conserved. Look first
at angular momentum, to find the object’s speed at its greatest distance. In terms of magnitudes

r
L; =1Ly = rimu; sina = rpmuy sin 90° = vp = 0; (r;) sin ar

Note that at its greatest distance, the object must be moving in a direction perpendicular to a line from the
Earth’s center. If the velocity had any component along that line, the object would be getting closer to or farther
from the Earth, and so would not be at its greatest distance.

Now look at energy. Because the object may go a great distance from the Earth, do not assume g is constant.
Use the Universal Gravitation potential energy. There are no thermal energy changes.

-GM -GM
Wext = AK + AU + AEy, N 0—(§mvfc—§mvf)+( - m - m>+0
f i

Substitute the expression found above for the final speed. The mass of the object cancels. Multiplying by 2
makes things neater.
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Substitute the given expression for the initial speed. The object is initially a distance R from the Earth’s center.

2R? 2\ 2GM = 2GM GMR . , GM 2GM  2GM
O<[\/GM/R] gsm a—{ﬂGM/R})— py + 7 ( 7“]% sin® o — R>_ - + =

The Universal Gravitation constant cancels. The mass of the Earth cancels.

2
0:—' _— = — — = 0:—'2 _— —
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Multiply by R’)"ch.
0:R2sin2a—|—r?—2er = r?«—?er—Fstinza:O

which is quadratic in 7. So
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Ty 5 A where A=1 B=-2R C=R?’sin’a

Then

2R+ \/(fQR)274R2sin2a 9R + /4R? — 4R%sin% a
Ty = =
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2R+ 2R+\/1 — sin?
_ 2R R2 MY R+ RV1—sin’a

As the object starts at a distance R from the center of the Earth, the greatest distance must be more than that,
so choose the positive solution.

rf:R+R\/1—sin2a

But that’s the greatest distance from the center of the Earth. The greatest height achieved above the surface
must be R less than that, so

h=RV1-sin?a=RVcos?a = Rcosa





